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Abstract— Continuum Robots have been investigated increas-
ingly in recent years due to their potential applications in
minimally invasive surgery (MIS). The constant curvature
assumption is widely adopted in modeling the motion of con-
tinuum robots. However, due to their limited backbone rigidity,
the backbone bending or end-effector position is significantly
affected by both the internal driven force and external load.
This paper focuses on the static analysis of the continuum
robots. Statics model of the robot is established based on the
Newton-Euler method. Gravity of the elastic tubes and the disks
are both considered in the modeling. Based on the static model,
the shape of the robot can be calculated with given external
loads and internal driven force (i.e. cable tension). The model
is validated using finite element method (FEM). The error is
less than 0.02 percent. Simulation results reveal that, the shape
of the robot is significantly affected by the external load. A S-
type bending can be observed with certain loading conditions.
Therefore, the commonly adopted constant curvature is invalid
in loaded circumstances.

I. INTRODUCTION

Minimally Invasive Surgery (MIS) becomes popular in the
last few decades, since patients benefit a lot from MIS, such
as less pain, lower cost, faster recovery [1], [2]. Recently,
robots have been integrated in operating rooms world widely
[2], [3]. With the help of robots, procedures of MIS have
been greatly improved in various aspects: better precision,
less operating time, remote operation, etc. During various
robotic-assisted surgeries [4], the Da Vinci surgical system
by Intuitive Surgical is one of the most widely used. From
robotic view, Da Vince is a rigid-link manipulator. In order
to achieve enough degrees of freedom, it has to be built with
a lot of links and joints, which makes the Da Vinci system
bulky, complex and expensive.

Besides rigid-link robots, continuum robots also have
great potentials in robotic-assisted MIS. According to [5],
a continuum robot is an actuatable structure whose constitu-
tive material forms curves with continuous tangent vectors.
Due to the flexible structure, continuum robots have big
advantages on dexterity. Generally, three kinds of continuum
robots can be considered according to their structures. Most
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of continuum robots are single backbone robots, which have
one elastic part in the center to support the whole structure,
such as the robots in [6], [7], [8], [9], [10], [11]. Similar
design is also used in other robot designs, such as the robots
in [12], [13], [14]. Another kind of continuum robots are
multi-backbone robots. They have several parallel elastic
elements running through the whole structure, such as the
robots in [15], [16], [17]. Another continuum robots are
the concentric tube robots, which have a set of concentric
tubes with different pre-curvatures. Different bending can
be achieved through rotating the tubes, such as the robots
presented in [18], [19], [20]. This paper mainly presents the
single backbone continuum robots. A center elastic tube is
used as the central core. Inside the tube, various materials can
pass through, such as the electric wires, controlling cables,
etc. This structure makes the robot extensible to different
tasks.

Static model is essential for the analysis of continuum
robot. In view of robotics, continuum robot can be regarded
as an under-actuated serial robot with hyper-redundant de-
grees of freedom. Thus, statics of this kind robot is coupled
with robot kinematics, which makes modeling and analysis
more complicated. Lots of previous researches focus on the
kinematic analysis of continuum robots [21], [22], [23],
[24], where the constant curvature assumption is widely
adopted. With this assumption, the bending profile of the
continuous robots is regarded as an arc. However, due to
the large compliance of the continuum robots, the bending
shape could be significantly affected by the external loading.
In this situation, kinematic modeling with constant curvature
assumption cannot predict the robot profile accurately. There-
fore, static modeling considering external load is important.
Static analysis of a multiple-backbone continuum robots is
presented in [25], in which system static equilibrium is
derived using elliptic integrals. Based on the Cosserat-rod
theory, static models of continuum robots are proposed in
[26], [27]. Static analysis of a single backbone continuum
manipulator is made in [9], where static model is proposed
based on the principle of virtual work and simulation results
are presented and compared with finite element analysis.

This paper states on the static modeling and analysis
of the single backbone continuum robots by Newton-Euler
method. Effects of gravity and external loading are both
taken into consideration. With this static model, the profile
of the robot can be calculated with given controlling cable
forces and external loads. In addition, finite element method
is employed as a compassion, in order to validate the
proposed model. Relationship among position of the robot
end, driven cable forces and external loads is analyzed.
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Significant effect of the external loading on the static profile
of the continuum robots is found. Under external loads,
the constant curvature assumption is no longer valid. For
example, a S-type bending is found under certain loading
conditions, through our simulations based on the proposed
model. The proposed model is significant for the analysis of
continuum robots, such as improving the static positioning
accuracy with different loading conditions.

This paper is organized as following. The typical structure
of the single backbone continuum robots is firstly presented
in Section II. Then static modeling is detailed in Section III,
considering the coupling of statics and kinematics. Numeri-
cal analysis is made in Section IV through the proposed static
model and the finite element method. Based on these results,
discussions are presented in Section IV. Finally, conclusion
is made in Section V.

II. STRUCTURE DESIGN

Most continuum robots used for medical applications are
single backbone robots which have one central elastic part
to support the whole structure. A typical structure of this
kind of continuum robots is shown in Fig. 1. As we can
see, a serial of disks are mounted on an elastic tube. Four
driven cables pass through the holes in the disks, and cables
move along the disk holes with very little friction. By
changing the lengths and/or forces of the driven cables, the
structure can achieve a desired bending. It should be noted
that using elastic tube as the core structure gives the robot
good extensible abilities. For example, various end-effectors,
such as cameras, scissors and clamp, can be added at the
end of the continuum robot. Controlling wires and/or electric
wires of the end-effectors can pass through the elastic tube.
In addition, disks and cables in this paper are made by
low friction materials, such as Teflon and Nylon. Thus a
frictionless assumption is made in the modeling part.

Fig. 1. Structure of the continuum robots.

Figure 2 illustrates a potential application of the continuum
robots in minimally invasive surgery, where a handheld
endoscope using a continuum bending section is designed.
As shown in Fig. 2, the continuum section is attached to a
rigid shaft and a handle. The movement of the continuum
section can be controlled by a thumb steering on the handle.
In this design, a wireless camera is mounted at the end of
the continuum section. Different views by the camera can be
achieved through the controllable bending of the continuum
section. Furthermore, this handheld device can be extended

Fig. 2. Application of the continuum robot: handheld endoscope.

for other tasks by using different medical instruments as end-
effectors, such as scissors, forceps and hooks.

III. STATIC MODELING

The static model of a continuum robot is presented in
this section. Coupling between the statics and kinematics
is analyzed, which can be further expressed by a set of
nonlinear equations. Optimization method is employed to get
the solution. For convenience sake, analysis in this section
is made in a plane. However, the proposed model is also
extendable to three dimensions.

Fig. 3. The ith segment of the continuum robot

Figure 3 shows the diagram of ith segment of the contin-
uum robot between two adjacent disks, the (i− 1)th and ith

disks. Local frames Roi−1 and Roi are fixed on the (i−1)th

and ith disks, respectively. Cable I and II provide the driven
forces. The following assumptions are made.

• Since the stiffness of the elastic tube along the axis
direction is much larger than the bending stiffness,
elongation along the tube axis is ignored;

• The deformation of the elastic tube is pure bending;
• The elastic tube can be simulated by an Euler-Bernoulli

beam;
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• Profile of the elastic tube between two adjacent disks is
approximated to an arc;

• Profile of the driven cable between two adjacent disks
is straight lines.

Based on these assumptions, static analysis of the robot is
made.

A. Force and moment analysis

(1) Force and moment by the driven cables:
The driven force along the ith segment of cable I expressed

in the local frame fixed with the (i − 1)th disk Roi−1 can
be written as:

F
Ri−1

CIi = FCIi ·
−−−−→aiai−1

Ri−1

|−−−−→aiai−1Ri−1 |
+FCI(i+1) ·

−−−−→aiai+1
Ri−1

|−−−−→aiai+1
Ri−1 |

, (1)

where i = 1, · · ·n − 1; FCIi and FCI(i+1) are the values of
the driven forces along the ith and (i + 1)th segments of
cable I. A special case is i = n, where the last disk of the
robot is considered. Then the driven force will be:

F
Rn−1

CIn = FCIn ·
−−−−→anan−1

Rn−1

|−−−−→anan−1Rn−1 |
. (2)

Similarly, the driven force along cable II expressed in the
frame Roi−1 can be written as: for i = 1, · · ·n− 1,

F
Ri−1

CIIi = FCIIi ·
−−−→
bibi−1

Ri−1

|
−−−→
bibi−1Ri−1 |

+FCII(i+1) ·
−−−→
bibi+1

Ri−1

|
−−−→
bibi+1

Ri−1 |
, (3)

for i = n,

F
Rn−1

CIIn = FCIIn ·
−−−−→
bnbn−1

Rn−1

|
−−−−→
bnbn−1Rn−1 |

. (4)

The moment of the driven forces FRi−1

CIi and F
Ri−1

CIIi relative
to point oi−1 can be calculated as:

MCIi = −−−−→oi−1ai
Ri−1 × F

Ri−1

CIi (5)

MCIIi =
−−−→
oi−1bi

Ri−1 × F
Ri−1

CIIi (6)

(2) Force and moment due to the gravity of the disks and
tubes:

If the y axis of the global frame RG is defined vertically
upwards, the gravity of the ith disk in RG can be simply
expressed as GRG

di = [0,−mdi · g, 0]T, where mdi is the
mass of the ith disk. In order to obtain the expression of
gravity in frame Ri−1, a transformation matrix Ri−1TRG

is
defined, so that

G
Ri−1

di = Ri−1TRG
·GRG

di (i = 1, · · ·n), (7)

in which

Ri−1TRG
= RGT−1Ri−1

= (RGTR0
· R0TRi−1

)−1, (8)

where RGTR0
is the transformation matrix from frame R0

to RG, and the R0TRi−1
is the transformation matrix from

frame Ri−1 to R0. To calculate R0TRi−1
, the transformation

matrix from frame Rq to Rp is defined as:

RpTRq
=

q

Π
i=p+1

Ri−1TRi
, (9)

Ri−1TRi =

 cos θi − sin θi x
Ri−1
oi

sin θi cos θi y
Ri−1
oi

0 0 1

 , (10)

where 0 ≤ p < n, 0 < q ≤ n, p < q, 0 < i ≤ n; xRi−1
oi and

y
Ri−1
oi are respectively the x and y coordinates of point oi in

frame Ri−1. According to the geometric relationship shown
in Fig. 3, xRi−1

oi and yRi−1
oi can be calculated by:

xRi−1
oi =

L0i

θi
· sin θi, (11)

yRi−1
oi =

L0i

θi
· (1− cos θi) , (12)

where L0i is the length of the ith tube, i.e. the arc length;
θi is the rotation angle of the ith tube, i.e. the angle of the
arc in radians.

Similarly, the gravity of the ith tube can be also expressed
in the local frame Ri−1:

G
Ri−1

ti = Ri−1TRG
·GRG

ti (i = 1, · · ·n), (13)

where GRG
ti is the gravity of the ith tube in RG. GRG

ti can
be simply expressed as GRG

ti = [0,−mti · g, 0]T, and mti is
the mass of the ith tube.

Then, the moment of the disk gravity G
Ri−1

di relative to
point oi−1 can be calculated as:

Mdi = −−−→oi−1oi
Ri−1 ×G

Ri−1

di . (14)

As for the moment of the tube gravity, the distance vector
can be approximately equal to

−−−−→oi−1oi
Ri−1

2 . Thus the moment
Mti can be calculated by:

Mti =
−−−→oi−1oi

Ri−1

2
×G

Ri−1

ti . (15)

B. Static equilibrium equations

In this sub-section, Newton-Euler formula is employed to
obtain the static model. For the nth segment of the robot,
i.e. the last segment, external force and moment should be
considered. According to the static equilibrium, the force and
moment applied on point on−1 can be calculated by:

FRn−1
on−1

= F
Rn−1

CIn + F
Rn−1

CIIn + G
Rn−1

dn + G
Rn−1

tn + FRn−1
ex ,

(16)
Mon−1 = MCIn + MCIIn + Mdn + Mtn + Mex + MF ex,

(17)

where F
Rn−1
ex is the external force expressed in the frame

Rn−1 and MF ex is the moment of external force relative to
point on−1. With the help of transformation matrix, FRn−1

ex

and MF ex can be calculated by:

FRn−1
ex = Rn−1TRG

· FRG
ex , (18)

MF ex = −−−−→on−1on
Rn−1 × FRn−1

ex , (19)
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where Mex and FRG
ex are respectively the external moment

and external force expressed in the global frame.
As for the ith segment of the robot, when i = 1, · · ·n−1,

force and moment from the adjacent robot segment, i.e. the
(i + 1)th segment, should be considered. Similar to Eqns.
(16) and (17), the static equilibrium equations for the ith

segment of the robot are:

FRi−1
oi−1

= F
Ri−1

CIi + F
Ri−1

CIIi + G
Ri−1

di + G
Ri−1

ti + FRi−1
oi ,

(20)
Moi−1 = MCIi + MCIIi + Mdi + Mti + MFoi + Moi ,

(21)

where F
Ri−1
oi and Moi are respectively the force and moment

applied to the ith segment by the (i+1)th segment; MFoi is
the moment of force F

Ri−1
oi relative to point oi−1. Using the

transformation matrix, FRi−1
oi and MFoi can be calculated

by:

FRi−1
oi = Ri−1TRi · FRi

oi , (22)

MFoi = −−−→oi−1oi
Ri−1 × FRi−1

oi . (23)

Thus, the statics of the continuum robot can be described
by Eqns. (16), (17), (20) and (21). As we can see from these
equations, the force, the moment and the rotation angles of
each segment are coupled, which means that they should be
considered together.

C. Solution of the static model

According to the Euler-Bernoulli beam theory, relationship
between the moment and the rotation angle for each segment
of the robot can be obtained by:

ρi =
Mi

EiIi
, (24)

where Mi is the value of the moment on point oi−1, i.e.
Mi = zMoi−1

; Ei and Ii are respectively the Young’s
modulus and the moment of inertia of the ith segment of
the elastic tube; ρi is the curvature of the bending arc for
the ith tube. According to the geometric relationship in Fig.
3, ρi = θi

L0i
.

With given driven force of the cables and the external force
and moment, the rotation angle of each segments of the robot
can be calculated by the static model. From Eqns. (16), (17),
(20), (21) and (24), there are 3n independent equations and
3n unknowns (θi, Moi−1 and F

Ri−1
oi−1 where i = 1, · · ·n).

Optimization methods can be used to solve the 3n nonlinear
equations. With the rotation angle θi, the profile of the robot
can be fully obtained.

IV. NUMERICAL ANALYSIS AND DISCUSSION

In this section, simulations are performed to analyze
the static characteristics of the continuum robot. The robot
parameters and the material parameters are listed in Tab I,
which are based on our previous prototypes [7].

The first simulation is performed with zero driven force
and zero external load, where only gravity acts. The profile of
the robot under the effect of gravity is shown in Fig. 4. The

TABLE I
ROBOT PARAMETERS (FOR i = 1, · · ·n)

Parameter Value Parameter Value
ai 2.75 (mm) Ei 2.5e7 (Pa)
bi 2.75 (mm) Ii 8.59e-12 (kg·m2)
L0i 5 (mm) mti 3.3e-5 (kg)
n 10 mdi 5.5e-5 (kg)
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Fig. 4. Static profile of the robot under the effect of gravity (without
actuation or external load).

black thick line presents the fixed base, and the cyan thick
lines present the movable disks. The blue thick curve presents
the elastic tube. The red and green lines present the driven
cables I and II. In order to validate the proposed static model,
simulation results by finite element method are obtained for
comparison. In this paper, a commercial software ANSYS is
used to make the finite element analysis. Coordinates of the
disk centers are obtained by ANSYS, which are presented by
black stars in Fig. 4. Relative differences of the disk positions
by these two methods are also calculated, which are smaller
than 0.02%. The proposed static model has a good accuracy
to describe the static behaviors of the continuum robots.

TABLE II
POSITION OF THE ROBOT END WITH DIFFERENT DRIVEN FORCES AND

EXTERNAL LOADINGS.

FCI (N) FCII (N) Fex (N) O10 (mm)
1 3 [0 0] A [37.1 -28.2]
1 1 [0 0] B [50.0 -0.8]
3 1 [0 0] C [37.9 27.4]
3 1 [0 -0.1] D [47.7 11.4]
3 1 [0 -0.2] E [48.9 -9.3]
3 1 [0 -0.3] F [44.3 -21.8]

Profiles of the continuum robots can be changed by input-
ing different driven cable forces. Figure 5 gives an example.
As shown, three shapes can be achieved by using three
sets of driven forces. The rotation angle of each segment
corresponding to these three shapes is presented in Fig. 7,
and the corresponding positions of the robot end are listed
in Tab. II. Without external loading, robot can reach point B
with 1 N upper cable force and 1 N lower cable force. It can
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Fig. 5. Static profiles of the robot with different driven forces (zero external
loading).
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Fig. 6. Static profiles of the robot with different external loads (constant
driven cable forces).

be found that the robot profile in this case is the same with
that presented in Fig. 4. In fact, the profile of the continuum
robot is mainly determined by the difference of the upper and
lower cable forces, if there is no external loads. It means that
the robot profile keeps the same by increasing/decreasing the
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Fig. 7. Rotation angle of the ith segment of the robot under different
conditions.

upper and lower cable forces with the same amount, as long
as the elastic tube does not exceed the limit of buckling.
Robot can reach point C with 3 N upper cable force and 1
N lower cable force. While the robot end can reach point
A with 1 N upper cable force and 3 N lower cable force.
It should be noted that points A and C are not symmetric
about x-axis (Tab. II) due to the gravity effect of the disks
and tubes.

In most situations, the external loading applied to the robot
end is not zero, especially when an end-effector is added.
Figure 6 shows the static profiles of the robot with different
external loads. The coordinates of the robot end are listed
in Tab. II, and the rotation angle of each segment of the
robot is shown in Fig. 7. As we can see, profiles of the
continuum robots vary with the external loads, even if the
driven cable forces keep the same. In addition, the rotation
angle of each segment varies significantly with external loads
(the D, E and F cases in Fig. 7), especially when the value
of the external load becomes larger (the E and F cases in
Fig. 7). For example, the rotation angles of the first 5 disks
are clockwise (negative value), while the rotation angles of
the last 5 disks are anti-clockwise (positive value), when the
external load in y-axis is -0.2 N. The corresponding profile
of the robot presents a ’S’ type bending. As a comparison,
the rotation angle of each segment keeps almost the same,
when there is no external loading, such as cases A, B and
C shown in Fig. 7, where the corresponding profile of the
robot is a ’C’ type bending. Therefore, external load has a
significant effect on the static equilibrium of the continuum
robots.

The static model of the continuum robots can be further
used for the position control of the robot. With given external
load and controlling cable forces, robot profiles can be
obtained. Thus, position of the robot end can be calculated.
On the contrary, in order to move the robot end to a
desired position, the corresponding driven cable forces can
be calculated through the static model. However, not all the

269



desired positions can be reached, i.e. there does not exist
a set of controlling cable forces which can move the robot
to the desired position. To solve this problem, robots with
additional DOFs should be considered.

V. CONCLUSION

This research contributes on the continuum robots with ap-
plication to minimally invasive surgery. This paper presents
the static modeling and analysis of the single backbone con-
tinuum robots. The static model of the robots is established
based on Newton-Euler method with considering the effect
of gravity and external loads. A set of nonlinear equations
are used to describe the coupling between the statics and
kinematics, and optimization method is employed to obtain
the solution of the static model. Simulation results by the
proposed model are also compared with the results by finite
element method. Comparison shows the difference is less
than 0.02 percent, which is a good validity of the static
model.

Based on the proposed static model, the static profiles of
the continuum robot are calculated under different driving
(cable tensions) and loading (external load) conditions. Sig-
nificant effect of the external load on the static equilibrium
of the robot is found, which is mainly due to the large com-
pliance of the continuum section. In addition, the proposed
static model is also useful for the positioning control of the
robot. Our current and future work is on design and analysis
of the position controller based on the static model presented
in this paper.
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